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EXTENSION OF VALUATIONS IN CHARACTERISTIC ONE
JEFFREY TOLLIVER
Abstract. We develop an extension of valuations theorem for suitable exten-
sions of idempotent semirings. As an application, we give a new proof for the
classical case of fields. Along the way, we develop characteristic one analogues
of some central results in the theory of valuation rings.
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1. Introduction
The goal of this paper is to prove an analogue of the theorem on extension of
valuations for idempotent semifields, which are defined as follows.
Definition 1.1. An abelian semigroup is called idempotent if it satisfies x + x =
x for all x. A semiring1 or semifield is said to be idempotent (or said to have
characteristic one) if the underlying additive semigroup is idempotent.
Idempotent semirings have occured in connection with non-archimedean geome-
try, tropical geometry and the study of the Riemann zeta function (c.f. [3],[5],[1],[2]).
A simple example is the semiring of ideals of a ring. Another important example
is the semifield Γmax = Γ ∪ {0} associated to a totally ordered abelian group Γ. In
this semifield, the multiplication comes from the group structure, while addition is
given by declaring x+ y = max(x, y). A key property of idempotent semigroups is
that they come with a canonical partial order: x ≤ y if x+y = y. Furthermore, the
sum of a collection of elements is simply their least upper bound. In the case of a
totally ordered idempotent semifield, this gives a total order on the multiplicative
group, so that every totally ordered idempotent semifield is of the form Γmax up to
isomorphism.
For the present purposes, totally ordered idempotent semifields are crucial be-
cause they are naturally the codomains of valuations — a valuation with value
group Γ can be seen as actually landing in Γmax. J. and N. Giansiracusa have
shown in [3] that there is a semiring Sf (R) associated to any ring R with the
property that valuations on R are the same as homomorphisms from Sf (R) to to-
tally ordered idempotent semifields. In particular, multiplicative seminorms (i.e.
valuations with value group R) are the same as homomorphisms Sf (R) → Rmax
where Rmax is the so-called tropical semifield. This semifield occurs in connection
with tropical geometry in [3], where it is shown that points on a tropical variety
correspond to homomorphisms from its coordinate semiring to Rmax.
1In this paper, the word semiring will refer to a commutative semiring.
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The above examples hint that homomorphisms into totally ordered idempotent
semifields are important when studying valuations on rings. This might suggest that
they are related to valuations on idempotent semirings. The following definition is
a natural generalization of the classical one.
Definition 1.2. Let R be a semiring. A valuation on R is a map v : R → Γmax
for some totally ordered abelian group Γ such that the following properties hold.
(1) v(0) = 0 and v(1) = 1.
(2) v(xy) = v(x)v(y) for all x, y ∈ R.
(3) v(x + y) ≤ v(x) + v(y) for all x, y ∈ R.
(4) v(x) ≤ v(x + y) + v(y) for all x, y ∈ R.
The value group of the valuation is the subgroup of Γ generated by the nonzero
elements of the image of v.
Axiom 3 is the ultrametric inequality. In the case of rings, Axiom 4 implies
v(x) = v(−x). In the case of idempotent semirings, Axioms 3 and 4 together are
equivalent to v(x+y) = v(x)+v(y), which implies that valuations on an idempotent
semiring R with value group Γ are precisely the surjective homomorphisms R →
Γmax. One interpretation of Axiom 3 is that {x ∈ R | v(x) ≤ a} is a subsemigroup.
From this point of view, Axiom 4 says that {x ∈ R | v(x) ≤ a} is in fact a
saturated subsemigroup (c.f. Definition 2.1), which is a useful property to have if
one desires to use the valuation to construct quotient objects (as is done in local
number theory).
The most fundamental result in the theory of valuations states that given a
valuation v : K → Γmax and an extension L of K, we may extend v to L. More
precisely, there exists a group Γ′ ⊇ Γ and a valuation w : L → Γ′max such that
w |K= v. We shall show in Corollary 8.13 that the same result is true for idempotent
semifields, and shall give partial results in the more general setting of unitgenerated
idempotent semirings (c.f. Theorem 8.12). As an application, we will obtain a new
proof of the extension of valuations theorem for fields by reduction to the case of
unitgenerated idempotent semirings. Along the way in Sections 3 and 6, we also
develop other results of valuation theory in characteristic one, for instance a theory
of valuation subsemirings of a valued idempotent semifield.
2. Definitions
Definition 2.1. LetM be an semigroup. Then a subsemigroupN ⊆M is saturated
if x ∈ N and x+ y ∈ N imply that y ∈ N .
Saturated subsemigroups are precisely those which arise as kernels of homomor-
phisms.
Proposition 2.2. Let M be an idempotent semigroup. Then a subsemigroup N ⊆
M is saturated if x ≤ y and y ∈ N imply that x ∈ N .
Definition 2.3. Let R be an idempotent semiring and M be an R-module. Then
M is finite if there is some x ∈ M such that for all y ∈ M there exists r ∈ R with
y ≤ rx.
A module is finite if it is generated as a saturated submodule of itself by a single
element. It turns out that the saturated submodule generated by a finite collection
of elements is generated by their sum. Hence a module is finite if it is the smallest
saturated submodule of itself containing some specific finite subset.
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Definition 2.4. Let R be an idempotent semiring and M be an R-module. M is
noetherian if every submodule is finite. M is seminoetherian if every finite submod-
ule is noetherian.
Definition 2.5. Let R be an idempotent semiring. R is simple if the only saturated
ideals are 0 and R.
An easy argument shows the following.
Proposition 2.6. Let R be an idempotent semiring. R is simple if and only if for
every x ∈ R there is some y ∈ R with xy ≥ 1.
Definition 2.7. An idempotent semiring K is unitgenerated if every element is a
finite sum of units.
Any idempotent semifield is unitgenerated. The following result shows any unit-
generated idempotent semiring is simple.
Proposition 2.8. Let R be a unitgenerated idempotent semiring. Then R is simple.
Proof. Let x ∈ R. Then x =
∑
i∈I ui where I is a finite set and each ui is a unit.
Hence x ≥ ui so xu
−1
i ≥ 1. Proposition 2.6 implies the result. 
Example 2.9. Let K be an idempotent semifield. Then the semiring of Laurent
polynomials K[x1, x
−1
1 , . . . , xn, x
1
n] is unitgenerated. Furthermore, any quotient of
this semiring is unitgenerated as well. If K = Rmax then quotients of the semiring
of Laurent polynomials occur naturally in the framework of tropical geometry.
Since simple semirings have no saturated ideals, they seem a natural generaliza-
tion of fields. Semifields are of course also a natural generalization of fields. Because
idempotent semifields are unitgenerated and unitgenerated idempotent semirings
are simple, this suggests that unitgenerated semirings should also be viewed as an
analogue of fields. The following example yields a connection between unitgenerated
idempotent semirings and fields.
Example 2.10. Let R be a ring and A be a ring containing R. Let Sf (A,R) be
the semiring of finitely generated R-submodules of A (c.f. Definition 9.1 and the
comments following it). If A is a field, then Sf (A,R) is unitgenerated since the
nonzero principal submodules are all units. If Sf (A,R) is unitgenerated (or even
simple), then applying Proposition 2.6 to xR (for any nonzero x ∈ A shows there
is a submodule M such that 1 ∈ R ⊆ xM . This implies that x is a unit. Hence
Sf (A,R) is unitgenerated if and only if A is a field, which in turn occurs if and
only if A is simple.
3. Valuation semirings
Lemma 3.1. Let K be a unitgenerated idempotent semiring and Γ a totally ordered
abelian group. Let v : K → Γmax be a homomorphism. Define a relation  on K×
by x  y if v(x) ≤ v(y). Then  makes K× into a preordered abelian group.
Proposition 3.2. Let K be a unitgenerated idempotent semiring and Γ a totally
ordered abelian group. Let v : K → Γmax be a homomorphism. Let R = {x ∈ K |
v(x) ≤ 1}. Let  be as in Lemma 3.1.  induces a well-defined total order on
K×/R×. Furthermore, v induces an isomorphism K×/R× ∼= v(K×) ⊆ Γ of totally
ordered abelian groups.
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Proof. Clearly R× = {x ∈ K× | v(x) = 1}. By replacing Γ with v(K×), we may
assume without loss of generality that v(K×) = Γ. Restricting v gives a surjective
group homomorphism K× → Γ which induces an isomorphism K×/R× ∼= Γ =
v(K×). Let [x], [y] ∈ K×/R× be the classes of x, y ∈ K. Then [x]  [y] if and
only if v(x) ≤ v(y). Hence the desired isomorphism and its inverse preserve the
order. 
Definition 3.3. A valuation subsemiring R of a unitgenerated idempotent semiring
K is a semiring R such that there exists an embedding R→ K of R as a saturated
subsemiring of K such that for every x ∈ K×, either x ∈ R or x−1 ∈ R.
Proposition 3.4. Let K be a unitgenerated idempotent semiring and Γ a totally
ordered abelian group. Let v : K → Γmax be a homomorphism. Let R = {x ∈ K |
v(x) ≤ 1}. Then R is a valuation subsemiring of K.
We would like to prove the converse of the above proposition. When R is a val-
uation subsemiring of a unitgenerated idempotent semiring K, we define a relation
 on K× by x  y if xy−1 ∈ R.
Lemma 3.5. Let R be a valuation subsemiring of a unitgenerated idempotent semir-
ing K. Then  makes K× into a preordered abelian group.
Lemma 3.6. Let R be a valuation subsemiring of a unitgenerated idempotent semir-
ing K. Then  induces a well-defined relation on K×/R× making K×/R× into a
totally ordered abelian group.
Proof. For x, y ∈ K× it follows from the definition of a valuation subsemiring that
either xy−1 ∈ R or x−1y ∈ R. Hence, either x  y or y  x. Observe furthermore
that x  y  x if and only if xy−1 ∈ R×, which occurs precisely when x, y define
the same element in the quotient K×/R×. From these facts and the fact that 
makes K× into a preordered abelian group, we may obtain the result. 
We will sometimes write ≤ instead of  for the induced order on K×/R×, since
there is no danger of confusing it with the order on K. We are now ready to
construct the valuation on K induced by its valuation subsemiring.
Proposition 3.7. Let R be a valuation subsemiring of a unitgenerated idempotent
semiring K. Let Γ = K×/R×, and for any u ∈ K×, we write [u] ∈ K×/R× for its
class. Let v : K → Γmax be given by v(
∑
i∈I xi) =
∑
i∈I [xi] for any finite set I and
any collection of units xi ∈ K×. Let x, y ∈ K with y ∈ K×. Then v(x) ≤ [y] if and
only if xy−1 ∈ R. In particular, v is well-defined. Furthermore, v is a surjective
homomorphism of semirings.
Proof. Fix a decomposition x =
∑
i∈I xi as a sum of elements xi ∈ K
× indexed
by a finite set I. Suppose xy−1 ∈ R. Then since xiy−1 ≤ xy−1, it follows that
xiy
−1 ∈ R for each i. We may rewrite this as [xi]  [y]. Then
∑
i∈I [xi] ≤ [y] inside
Γmax, so v(x) ≤ [y]. Now suppose that v(x) ≤ [y]. Then
∑
i∈I [xi] ≤ [y]. Hence for
each i, [xi] ≤ [y], or equivalently xiy−1 ∈ R. Hence xy−1 =
∑
i∈I xiy
−1 ∈ R.
To see that v is well-defined, define v′(x) in the same way as v(x), but using a
different sum decomposition. If x = 0, the only sum decomposition is the empty
one, and there is nothing to prove. Otherwise, we are decomposing x as a sum over
a nonempty set, so v(x), v′(x) 6= 0. Then v(x), v′(x) ∈ Γ = K×/R×. Hence there
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is some y such that v′(x) = [y]. Since v′(x) ≤ [y], xy−1 ∈ R, so v(x) ≤ [y] = v′(x).
The reverse inequality is similar.
It is clear from the definition that v is a semigroup homomorphism. To check
it preserves multiplication, note that by the distributive law, we may check this on
a generating set, and in particular on K×. Let x, y ∈ K×. Then v(xy) = [xy] =
[x][y] = v(x)v(y). It is also easy to see v(1) = 1. To see that it is surjective, note
that it is surjective even when restricted to K× ∪ {0}. 
Theorem 3.8. Let R be a valuation subsemiring of a unitgenerated idempotent
semiring K. Let Γ and v be as in Proposition 3.7. Then R = {x ∈ K | v(x) ≤ 1}.
Proof. Adopt the notation of Proposition 3.7. Let x ∈ K, and write x =
∑
i∈I xi
as a sum of elements xi ∈ K× indexed by a finite set I. Suppose x ∈ R. Then
xi ∈ R for all i ∈ I, so [xi] ≤ 1. Then v(x) =
∑
i∈I [xi] ≤ 1. Conversely, suppose
v(x) ≤ 1. Then for each i, [xi] ≤ 1, so xi ∈ R. Then x =
∑
i∈I xi ∈ R. 
Our next goal is to understand the ideals of R and the fractional ideals of K.
Theorem 3.9. Let R be a valuation subsemiring of a unitgenerated idempotent
semiring K. Let Γ and v be as in Proposition 3.7. To a saturated subsemigroup
U ⊆ Γmax, associate the saturated R-submodule v−1(U) of K. This yields a bijec-
tive order-preserving correspondence between saturated subsemigroups of Γmax and
saturated R-submodules of K. The inverse correspondence sends M ⊆ K to v(M).
Proof. For the moment, let U ⊆ Γmax be a saturated subsemigroup. To see that
v−1(U) is a saturated R-submodule, note first that it is clearly a saturated subsemi-
group. Let x ∈ v−1(U) and r ∈ R. Then v(r) ≤ 1, so v(rx) ≤ v(x). Since v(x) ∈ U ,
we conclude that v(rx) ∈ U so rx ∈ v−1(U), and U is a saturated R-submodule.
Let M ⊆ K be a saturated R-submodule. Let x ∈ M and y ∈ K with v(y) ≤
v(x). I claim that y ∈ M . Write x =
∑
i∈I xi with xi ∈ K
× and I finite. For
each i, xi ∈ M . Choose k ∈ I to maximize v(xk) and observe that v(y) ≤ v(x) =
maxi∈I v(xi) = v(xk). Hence in proving this claim we may assume with out loss
of generality that x = xk ∈ K× ∩M . Now v(x) = [x], and by Proposition 3.7,
yx−1 ∈ R. Since M is an R-submodule, y = (yx−1)x ∈M , as claimed.
Now let U be the image ofM under v. U ⊆ Γmax is a subsemigroup because Γmax
is totally ordered. Suppose u ∈ U and t ≤ u. We may choose x ∈ M so v(x) = u.
Since v is surjective, we may also choose y ∈ K so t = v(y) ≤ v(x). By the claim
above, y ∈M so t ∈ U . Hence U is saturated. Clearly M ⊆ v−1(v(M)) = v−1(U).
Let y ∈ v−1(U). Then v(y) ∈ U so there exists x ∈ M with v(y) = v(x). By the
claim above, y ∈M . HenceM = v−1(U), so the correspondence in the statement of
the theorem is surjective. Since v is surjective, v(v−1(U)) = U . Hence if v−1(U) =
v−1(V ) then U = V , so the construction is injective. The correspondence is order-
preserving because it is given by taking the preimage. 
In particular, we may describe the saturated ideals of R.
Corollary 3.10. Let R be a valuation subsemiring of a unitgenerated idempotent
semiring K. Let Γ and v be as in Proposition 3.7. There is a bijective correspon-
dence between saturated ideals of R and saturated subsemigroups of {x ∈ Γmax |
x ≤ 1}.
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Proof. Saturated ideals of R are the same as saturated R-submodules X ⊆ K
such that X ⊆ R. Under the correspondence of Theorem 3.9, these correspond to
saturated subemigroups Y ⊆ Γmax such that Y ⊆ v(R) = {x ∈ Γmax | x ≤ 1}. 
Corollary 3.11. Let R be a valuation subsemiring of a unitgenerated idempotent
semiring K. The ideals of R are totally ordered.
Proof. Let Γ be as in Proposition 3.7. By Corollary 3.10, it suffices to show that
the saturated subsemigroups of {x ∈ Γmax | x ≤ 1} are totally ordered. Let
E = {x ∈ Γmax | x ≤ 1}. Let I, J ⊆ E be saturated subsemigroups. We wish to
show that either I ⊆ J or J ⊆ I. So suppose J 6⊆ I. Choose x ∈ I with x 6∈ J . Let
y ∈ J . If x ≤ y then x would be in J , so we have x 6≤ y. Since E is totally ordered,
y ≤ x. Hence y ∈ I. Since this holds for all y ∈ J , we have I ⊆ J . 
4. Radical congruences on simple idempotent semirings
Let K be a simple idempotent semiring and x, y ∈ K. Our goal is to determine
when v(x) = v(y) for every valuation v. This will be used later, when we write
the integral closure as an intersection of valuation semirings. The below definitions
come from [4].
Definition 4.1. Let R be an idempotent semiring. A congruence ∼ on R is prime
if xy+ zw ∼ xw+ zy implies that either x ∼ z or y ∼ w and if 0 6∼ 1. ∼ is QC (or
quotient cancellative) if R/∼ is cancellative. ∼ is radical if it is the intersection of
prime congruences. R is a domain if equality is a prime congruence.
Lemma 4.2. Let f : R → A be a morphism of idempotent semirings. Let ∼ be a
congruence on A. Then the congruence ≡= f−1(∼) on R is prime if ∼ is prime.
When f is surjective and ≡ is prime, then ∼ is prime. In particular, if ≡ is any
congruence on R, then R/ ≡ is a domain if and only ≡ is prime.
Proof. The last statement comes from taking ∼ to be equality in the first two
statements, so we need only prove them. Suppose∼ is prime. Suppose x, y, z, w ∈ R
satisfy xy+zw ≡ xw+zy. Then f(x)f(y)+f(z)f(w) ∼ f(x)f(w)+f(z)f(y). Since
∼ is prime, either f(x) ∼ f(z) or f(y) ∼ f(w) and hence either x ≡ z or y ≡ w.
Conversely, suppose ≡ is prime and f is surjective. Let x, y, z, w ∈ A be such
that xy + zw ∼ xw + zy. Pick xˆ, yˆ, zˆ, wˆ ∈ R to be lifts (e.g. f(xˆ) = x). Then
xˆyˆ + zˆwˆ ≡ xˆwˆ + zˆyˆ so xˆ ≡ zˆ or yˆ ≡ wˆ. This implies x ∼ z or y ∼ w so ∼ is
prime. 
The following two theorems come from [4].
Theorem 4.3. QC congruences are radical.
Theorem 4.4. An idempotent semiring is a domain if and only if it is totally
ordered and cancellative.
Corollary 4.5. Let ∼ be a congruence on an idempotent semiring R. ∼ is prime
if and only if R/∼ is totally ordered and cancellative. In particular, prime congru-
ences are QC.
We will also need a converse to Theorem 4.3. There is no reason to expect this
is true in general, but it is when R is simple.
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Lemma 4.6. Let R be a simple idempotent semiring. Radical congruences on R
are QC.
Proof. Suppose ∼ is radical and that sx = sy for s 6= 0. Then for each prime
congruence ≡ containing ∼, we have sx ≡ sy. Since ≡ is QC we conclude either
s ≡ 0 or x ≡ y. If s ≡ 0, then s is in the kernel of R → R/ ≡, which is a proper
saturated ideal. Since R is simple, this implies s = 0, a contradiction. So we have
x ≡ y for each prime congruence containing ∼. But ∼ is the intersection of such
congruences so x ∼ y. Hence ∼ is QC. 
Definition 4.7. Let R be an idempotent semiring. Its reduction, Rred is the
quotient of R by the intersection of all prime congruences. R is reduced if the
intersection of all prime congruences is equality.
Corollary 4.8. Let R be a simple idempotent semiring. A quotient R/∼ of R is
reduced if and only if R/∼ is cancellative.
We have the following result.
Proposition 4.9. Let R be an idempotent semiring. Then Rred is reduced, and
every surjective homomorphism from R to a reduced idempotent semiring factors
uniquely through Rred.
Proof. I claim that an idempotent semiring A is reduced if and only if homomor-
phisms from A into domains separate points. More precisely, A is reduced if and
only if for all x, y ∈ A with x 6= y, there is a domain B and homomorphism
f : A→ B such that f(x) 6= f(y). Suppose first that A is reduced. Since equality
is the intersection of prime congruences and since x 6= y, there is some prime con-
gruence ∼ with x 6∼ y. One can take B = A/∼ and take f to be the quotient map.
Conversely, suppose homomorphisms into domains separate points. Pick x, y ∈ A
so x ∼ y for every prime congruence ∼. For the sake of contradiction, suppose
x 6= y. Then we may pick a homomorphism f : A→ B into a domain B such that
f(x) 6= f(y). By Theorem 4.4, f(A) ⊆ B is also a domain. Define ∼ by declaring
a ∼ b to mean f(a) = f(b). Note that A/∼ ∼= f(A) is a domain, so ∼ is prime.
Observe that x 6∼ y, which is a contradiction. Hence x = y and A is reduced, which
establishes the claim.
Let ∼ be the intersection of all prime congruences in R, so Rred = R/∼. Let
x, y ∈ R/∼ be distinct. Let xˆ, yˆ ∈ R be lifts. Then xˆ 6∼ yˆ. Then there is some
prime congruence ≡ in R such that xˆ 6≡ yˆ. Let pi : R→ R/ ≡ and φ : R→ R/∼ be
the quotient maps. Since ∼ is in ≡, we have a quotient map ψ : R/∼ → R/ ≡ with
pi = ψφ. We know ψ(x) = ψ(φ(xˆ)) = pi(xˆ) 6= pi(yˆ) = ψ(y) so ψ separates x and
y. Since ≡ is prime, R/ ≡ is a domain. Hence, homomorphisms from Rred = R/∼
into domains separate points.
Let A be a reduced idempotent semiring and f : R → A be a homomorphism.
Let ∼ be the intersection of all prime congruences. Let x, y ∈ A. We wish to show
that if x ∼ y then f(x) = f(y). We will prove the contrapositive, so we assume
f(x) 6= f(y). Then there is a morphism g : A → B into a domain B such that
g(f(x)) 6= g(f(y)). Let C be the image of g ◦ f and let h : R → C be induced by
g ◦ f . Then C ⊆ B is a domain since B is a domain. Furthermore h is surjective
and h(x) 6= h(y). Define ≡ by declaring u ≡ v to mean h(u) = h(v). Then ≡ is a
prime congruence and x 6≡ y. Hence x 6∼ y. 
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Corollary 4.10. Let R be a simple idempotent semiring. Then Rred is cancellative
and every morphism from R to a cancellative idempotent semiring factors uniquely
through Rred.
Proof. By Proposition 4.9 and Corollary 4.8, Rred is cancellative and every sur-
jective morphism from R to a cancellative idempotent semiring factors uniquely
through Rred. If f : R→ A is any morphism to a cancellative idempotent semiring,
then the surjective morphism R→ f(R) factors uniquely through Rred, and hence
so does f . 
Proposition 4.11. Let R be a simple idempotent semiring. Let f : R→ Rred be the
universal map. Then f(x) = f(y) if and only if every homomorphism v : R→ Γmax
into a totally ordered idempotent semifield satisfies v(x) = v(y).
Proof. Given a prime congruence∼, one may construct a mapR→ Frac(R/∼) into
a totally ordered idempotent semifield. Conversely given such a map v : R→ Γmax,
one can define the prime congruence ∼ via x ∼ y when v(x) = v(y). This yields
a canonically split surjection from the set of homomorphisms landing in totally
ordered idempotent semifields to the set of prime congruences. If f(x) = f(y),
then every prime congruence satisfies x ∼ y, so every homomorphism v : R →
Γmax into a totally ordered idempotent semifield satisfies v(x) = v(y). Conversely,
suppose every homomorphism v : R → Γmax into a totally ordered idempotent
semifield satisfies v(x) = v(y). Then every prime congruence satisfies x ∼ y, so
f(x) = f(y). 
Proposition 4.12. Let R be a simple idempotent semiring. Let f : R → Rred be
the universal map. Then f(x) = f(y) if and only if there exists some s 6= 0 in R
with sx = sy.
Proof. Suppose f(x) = f(y). Let K = R(0) be the localization of R at the set of
nonzero elements and g : R → K be the localization map. Since K is cancellative
g factors uniquely through f , so we write g = hf for some f . Then x1 = g(x) =
h(f(x)) = g(y) = y1 . Hence there is some s 6= 0 with sx = sy.
Now suppose there is some nonzero s ∈ R with sx = sy. Then f(s)f(x) =
f(s)f(y). Since Rred is cancellative and ker f = 0, we conclude f(x) = f(y). 
Combining the above results yields the following.
Theorem 4.13. Let R be a simple idempotent semiring and x, y ∈ R. Then there
exists some s 6= 0 in R with sx = sy if and only if every homomorphism v : R →
Γmax whose target is a totally ordered idempotent semifield satisfies v(x) = v(y).
Noting that sx ≤ s1 may be written as s(x+ 1) = s(1), and that v(x) ≤ 1 may
be written as v(x + 1) = v(1), we obtain the following result, which essentially
characterizes an intersection of valuation subsemirings.
Corollary 4.14. Let R be a simple idempotent semiring and x ∈ R. Then there
exists some s 6= 0 in R with sx ≤ s if and only if every homomorphism v : R→ Γmax
whose target is a totally ordered idempotent semifield satisfies v(x) ≤ 1.
5. Two notions of integrality
Definition 5.1. Let R be an idempotent semiring. Let A be an R-algebra. Let
x ∈ A. Let R 〈x〉 be the smallest saturated subsemiring of A containing both x and
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the image of R (or equivalently the saturated submodule generated by powers of
x). Then x is said to be integral over R if R 〈x〉 is a finite module over R. A is
integral over R if every element of A is integral over R.
Proposition 5.2. Let R be an idempotent semiring. Let A be an R-algebra. Let
x ∈ A. x is integral over R if and only if there exists some n > 1 and c0, . . . , cn−1 ∈
R such that xn ≤ c0 + c1x+ . . .+ cn−1xn−1.
Proof. Suppose there exists some n > 1 and c0, . . . , cn−1 ∈ R such that xn ≤
c0 + c1x + . . . + cn−1x
n−1. Let M be the saturated submodule of A spanned by
1, x, . . . , xn−1. Then c0+c1x+. . .+cn−1x
n−1 ∈M so xn ∈M . Since x, x2, . . . , xn ∈
M , multiplying any generator of M by x yields an element of M , i.e. xM ⊆ M .
Hence xk ∈ xkM ⊆M for k ≥ 0. From this, one easily checks that R 〈x〉 =M .
Conversely, suppose x is integral. Because R 〈x〉 is finite, there exists u ∈ R 〈x〉
such that for all t ∈ R 〈x〉 there exists r ∈ R with t ≤ ru. Without loss of generality,
we may replace u with a larger element, and assume u is a polynomial in x. Write
u = a0 + . . . + an−1x
n−1 for some n, where the coefficients lie in R. Then there
exists r with xn ≤ ru = ra0 + . . .+ ran−1xn−1. 
Definition 5.3. Let R be an idempotent semiring. An R-module M is faithful if
rM 6= 0 for all r ∈ R.
Definition 5.4. Let R be an idempotent semiring. Let A be an R-algebra. Let
x ∈ A. Let R 〈x〉 be the smallest saturated subsemiring of A containing both x
and the image of R. x is quasiintegral over R if there exists an R 〈x〉-submodule
M ⊆ A which is finite as an R-module and which is faithful as an R 〈x〉-module. A
is quasiintegral over R if every element of A is quasiintegral over R.
For the moment, we denote by R[x] the smallest subsemiring of A containing
both x and the image of R. It is easy to see that the definition of quasiintegral
does not change if instead of R 〈x〉 we use R[x].
Proposition 5.5. Let R be an idempotent semiring. Let A be an R-algebra. Let
x ∈ A be integral over R. Then x is quasiintegral over R.
Proof. Take M = R 〈x〉. 
In the theory of rings, there is a simple proof that quasiintegral elements are
integral using the Cayley-Hamilton theorem. Unfortunately, it is not clear whether
there is a Cayley-Hamilton theorem for idempotent semirings. We get around
this by imposing some additional hypotheses, but hopefully these hypotheses are
actually unneccessary.
Lemma 5.6. Let R be an idempotent semiring. Let A be an R-algebra. Suppose
furthermore that A is simple. Let x ∈ A be quasiintegral over R. One can choose
M as in Definition 5.4 such that in addition, one has R 〈x〉 ⊆M .
Proof. Let M be as in Definition 5.4. Since M is finite over R, there is some
m ∈ M such that every element θ ∈ M satisfies θ ≤ rm for some r ∈ R. Since
M is a saturated submodule of A, any θ ∈ A with θ ≤ rm satisfies θ ∈ M . Hence
M = {θ ∈ A | ∃r ∈ R such that θ ≤ rm}. Since M is an R 〈x〉-submodule, for each
k we have xkm ∈ M so xkm ≤ rkm for some rk ∈ R. Since A is simple, we may
choose v ∈ A with 1 ≤ mv. Then for each k ∈ N, xk ≤ xkvm ≤ rk(vm). Let M
′
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be the saturated submodule of A generated by vm. Then xk ∈ M ′ for all k, and
hence R 〈x〉 ⊆M ′. Note also that M ′ is finite as an R-module by construction.
Note also that since xkm ≤ rkm, xk(vm) ≤ rk(vm). Pick y ∈M ′. Then there is
some r ∈ R such that y ≤ rvm. Then for any k, xky ≤ rxk(vm) ≤ rrk(vm) ∈ M ′.
If z ∈ R 〈x〉, we may write some inequality of the form z ≤ c0 + c1x + . . . + cnx
n
with c0, . . . , cn ∈ R. Since cixiy ∈M ′ for each i, we have (c0 + . . .+ cnxn)y ∈ M ′.
Since zy ≤ (c0 + . . . + cnxn)y, zy ∈ M ′. Hence M ′ is an R 〈x〉-submodule. It is
faithful because it contains 1. 
Proposition 5.7. Let R be an idempotent semiring. Let A be a simple R-algebra
which is seminoetherian as an R-module. Let x ∈ A be quasiintegral over R. Then
x is integral over R.
Proof. Use Lemma 5.6 to pick an R 〈x〉-submodule M ⊆ K with R 〈x〉 ⊆ M such
thatM is finite over R. By the seminoetherian condition, R 〈x〉 is finite as well. 
6. Valuation semirings and quasiintegral closure
Definition 6.1. Let R be an idempotent semiring. Let A be an R-algebra. The
quasiintegral closure of R in A is the set of elements which are quasiintegral over
R.
Definition 6.2. Let R be an idempotent semiring. Let M be an R-module. The
R-contraction of M , denoted MR≤1 is given by the following universal property.
There is a homomorphism φ : M → MR≤1 such that φ(rx) ≤ φ(x) for all r ∈ R
and x ∈M , and furthermore, if ψ : A→ B satisfies ψ(rx) ≤ ψ(x) for all r ∈ R and
x ∈M , then ψ factors uniquely through φ.
Lemma 6.3. Let R be an idempotent semiring and M be an R-module. For any
x ∈ M (resp. x ∈ R) we use x¯ to denote the image of x in MR≤1 (resp. RR≤1).
Let x, y ∈ M . Then x¯ = y¯ if and only if there exists r, s ∈ R with x ≤ ry and
sx ≤ y.
Proof. Write x ∼ y if there exists r, s ∈ R with x ≤ ry and sx ≤ y. If x ∼ y
and y ∼ z, then we choose r, r′, s, s′ with x ≤ ry, y ≤ sx, y ≤ r′z, and z ≤ s′y.
Then x ≤ rr′z and z ≤ ss′x so x ∼ z. It is easy to verify ∼ is symmetric and
reflexive. Suppose x ∼ y and z ∈ M . Choose r, s so x ≤ ry and sx ≤ y. Then
x+ z ≤ ry + z ≤ (r + 1)(y + z) and y + z ≤ (s+ 1)(x+ z). Hence ∼ is compatible
with addition. Now suppose x ∼ y and let t ∈ R. Then we have r, s ∈ R such that
tx ≤ rty and stx ≤ ty so tx ∼ ty. Hence ∼ is compatible with scalar multiplication.
Hence the semimodule structure on M/∼ is well-defined.
Let x ∈M and t ∈ R. Then x ≤ (t+1)x and (t+1)x ≤ (t+1)x so x ∼ (t+1)x.
Let y ∈ M/∼ be the image of x. Then y = ty + y so ty ≤ y. Hence the canonical
map pi : M → M/∼ factors uniquely through the universal map φ : M → MR≤1.
If x¯ = y¯ (i.e. φ(x) = φ(y)), this implies pi(x) = pi(y) and so x ∼ y.
Conversely, suppose x ∼ y. Let r, s be such that x ≤ ry and y ≤ sx. Then
x¯ ≤ ry ≤ y¯ and y¯ ≤ sx ≤ x¯. Hence x¯ = y¯. 
Lemma 6.4. Let R be an idempotent semiring and M be an R-module. For any
x ∈ M (resp. x ∈ R) we use x¯ to denote the image of x in MR≤1 (resp. RR≤1).
For a¯ ∈ MR≤1, the construction N = {b ∈ M | b¯ ≤ a¯} yields a finite saturated
R-submodule of M . Furthermore every finite saturated submodule has this form.
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Proof. Let a¯, b¯ ∈ MR≤1. Observe that b¯ ≤ a¯ if and only if a+ b = a¯. This in turn
occurs if and only if there exist r, s ∈ R with a + b ≤ ra and a ≤ s(a + b). Since
we can always take s = 1, this is equivalent to the statement that a + b ≤ ra for
some r ∈ R. If a+ b ≤ ra then b ≤ ra, while if b ≤ ra then a+ b ≤ (r+1)a. Hence
a+ b ≤ ra for some r ∈ R if and only if b ≤ ra for some r ∈ R. Hence b¯ ≤ a¯ if and
only if there is some r ∈ R with b ≤ ra.
Observe that {b ∈M | b¯ ≤ a¯} = {b ∈M | b ≤ ra for some r ∈ R}. It is clear that
this is a finite saturated submodule and that every finite saturated submodule has
this form. 
Proposition 6.5. Let R be an idempotent semiring and A be an R-algebra. Sup-
pose A is simple. For any x ∈ A (resp. x ∈ R) we use x¯ to denote the image of x
in AR≤1 (resp. RR≤1). Then x ∈ A is quasiintegral over R if and only if there is
some nonzero s ∈ AR≤1 with sx¯ ≤ s.
Proof. Suppose sx¯ ≤ s. Let M = {m ∈ A | m¯ ≤ s}. By lemma 6.4, M is a
saturated R-submodule of K and is finite as an R-module. Note as well that if
m ∈ M , then xm = x¯m¯ ≤ x¯s ≤ s so xm ∈M . As in the proof of Lemma 5.6, this
implies thatM is an R 〈x〉-submodule of A. M is faithful because there are no zero
divisors. Hence x is quasiintegral over R.
Suppose x ∈ A is quasiintegral. Choose a saturated R 〈x〉-submodule M ⊆ A
which is faithful as an R 〈x〉 submodule and finite as an R-module. There is some
s ∈ AR≤1 such that M = {m ∈ A | m¯ ≤ s}. Write s = a¯. Then a ∈ M and so
xa ∈M . Then x¯s = x¯a ≤ s. If s = 0 thenM = 0 which contradicts the assumption
of faithfulness. 
Theorem 6.6. Let R be an idempotent semiring. Let K be a simple R-algebra.
Let x ∈ K. Then x is quasiintegral over R if and only if v(x¯) ≤ 1 for every
homomorphism v : KR≤1 → Γmax into a totally ordered idempotent semifield, where
x¯ ∈ KR≤1 is the class of x.
Proof. First note that since K is simple, it has no zero divisors. Combine Corollary
4.14 and Proposition 6.5 to conclude that x is quasiintegral over R if and only
if v(x¯) ≤ 1 for every homomorphism v : KR≤1 → Γmax into a totally ordered
idempotent semifield. 
Observing that homomorphisms v : KR≤1 → Γmax are in bijective correspon-
dence with homomorphisms v : K → Γmax which have the property that v(r) ≤ 1
for all r ∈ R, we obtain the following result.
Corollary 6.7. Let R be an idempotent semiring. Let K be a simple R-algebra.
Let x ∈ K. Then x is quasiintegral over R if and only if every homomorphism
v : K → Γmax into a totally ordered idempotent semifield which satisfies v(r) ≤ 1
for all r ∈ R also satisfies v(x) ≤ 1.
Theorem 6.8. Let R be an idempotent semiring. Let K be a unitgenerated R-
algebra. The quasiintegral closure of R in K is the intersection of all valuation
subsemirings which contain R.
We conclude this section with another application of Proposition 6.5.
Proposition 6.9. Let R be an idempotent semiring. Let A be an R-algebra which
is a semifield. Let x ∈ A be quasiintegral over R. Then x is integral over R.
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Proof. Since A is a semifield, so is AR≤1. By Proposition 6.5, there is some nonzero
s ∈ AR≤1 such that sx¯ ≤ s. Since s is a unit, x¯ ≤ 1. Equivalently, x+ 1 = 1. By
Lemma 6.3, there is some r ∈ R such that x + 1 ≤ r. This implies x ≤ r. This in
turn implies that every element of R 〈x〉 is bounded by some element of R so R 〈x〉
is generated by 1. Hence x is integral. 
7. The space of valuation orders
Definition 7.1. Let R be an idempotent semiring. A valuation order on R is a
relation  such that the following hold.
(1) For all x, y, z ∈ R, if x  y  z then x  z.
(2) For all x, y ∈ R, x  y or y  x.
(3) For all x, y, z ∈ R, if x  y then x+ z  y + z.
(4) For all x, y ∈ R, if x ≤ y then x  y.
(5) For all x, y, z ∈ R, if x  y then xz  yz.
(6) For all x, y, z ∈ R, if xz  yz then either x  y or z  0.
Definition 7.2. Let X be a set. We let P(X) be the set of subsets of X . For any
x ∈ X , we let evx : P(X)→ {0, 1} given by evx(Y ) = 1 if x ∈ Y and 0 otherwise.
P(X) is equipped with the weakest topology such that each map evx is continuous.
P(X) may be identified with a product of copies of {0, 1}, so is compact.
Definition 7.3. Let R be an idempotent semiring. We may view valuation orders
on R as subsets of R×R by identifying  with {(x, y) ∈ R2 | x  y}. The space of
valuation orders on R is the subspace of P(R×R) whose points are the valuation
orders on R.
A ring theoretic analogue of the following proposition is used as a lemma in the
proof that adic spaces are spectral. The space of valuation orders is roughly the
same as the valuation spectrum Spv R equipped with its constructible topology.
Proposition 7.4. Let R be an idempotent semiring. The space of valuation orders
on R is compact.
Proof. We write subsets of R × R as relations on R; In other words we identify
a set S ⊆ R × R with the relation  defined by x  y if (x, y) ∈ S. Hence
P(R × R) is the set of all relations on R. Let X be the space of valuation orders
on R. It suffices to show X is closed in P(R × R). Note that X = X1 ∩ . . . ∩ X6
where Xi ⊆ P(R × R) is the set of relations satisfying the ith axiom of Definition
7.1. Hence it suffices to show each Xi is closed. For any x, y ∈ R, ev
−1
(x,y)(0) ∪
ev−1(y,z)(0) ∪ ev
−1
(x,z)(1) is a finite union of closed sets, so is closed. Then X1 =⋂
x,y,z∈R(ev
−1
(x,y)(0) ∪ ev
−1
(y,z)(0) ∪ ev
−1
(x,z)(1)) is closed. X2 =
⋂
x,y∈R(ev
−1
(x,y)(1) ∪
ev−1(y,x)(1)) is also closed. X3 =
⋂
x,y,z∈R(ev
−1
(x,y)(0) ∪ ev
−1
(x+z,y+z)(1)) is likewise
closed, as is X4 =
⋂
x,y∈R;x≤y ev
−1
(x,y)(1). Similar arguments apply to X5 and X6.

We now investigate the link between valuation orders and valuations.
Proposition 7.5. Let Γ be a totally ordered abelian group. Let R be an idempotent
semiring. Let v : R→ Γmax be a homomorphism. Write x  y to mean v(x) ≤ v(y).
Then  is a valuation order.
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Proof. Let x, y, z ∈ R. If v(x) ≤ v(y) ≤ v(z) then v(x) ≤ v(z) so Axiom 1 of
Definition 7.1 holds. Since Γmax is totally ordered, v(x) ≤ v(y) or v(y) ≤ v(x) so
Axiom 2 holds. If v(x) = v(y), then v(x+ z) = v(x)+ v(z) = v(y)+ v(z) = v(y+ z)
so Axiom 3 holds. If x ≤ y then v(x) ≤ v(y) so Axiom 4 holds. If v(x) = v(y)
then v(xz) = v(yz) so Axiom 5 holds. If v(xz) ≤ v(yz) then v(x)v(z) ≤ v(y)v(z),
and since Γmax is cancellative, either v(x) ≤ v(y) or v(z) = 0. Hence Axiom 6
holds. 
Proposition 7.6. Let R be an idempotent semiring. Let  be a valuation order.
Let ∼ be the relation given by declaring that x ∼ y when x  y  x. Then R/∼ is a
totally ordered cancellative idempotent semiring. Furthermore, the canonical order
on R/∼ agrees with that induced by .
Proof. Because  is a preorder, ∼ is an equivalence relation. Axioms 3 and 5 of
Definition 7.1 then imply that ∼ is a congruence. Hence R/∼ is an idempotent
semiring. For any element x ∈ R we shall write x¯ for the corresponding element of
R/∼.
Let x, y ∈ R. Suppose x¯ ≤ y¯. Then x+ y = y¯. Hence there is some z ∼ y such
that x ≤ z (e.g. take z = x+ y). Then x  z  y by Axiom 4. Conversely, suppose
x  y. Then x+ y  y + y = y. On the other hand y ≤ x+ y so y  x+ y. Hence
x + y ∼ y. This means x¯ + y¯ = y¯, and hence x¯ ≤ y¯. This implies that the order
induced by  is the canonical order.
Axiom 6 implies that if xz ∼ yz then x ∼ y or z  0. If z  0 then z¯ ≤ 0 so
z¯ = 0. Hence if x¯z¯ = y¯z¯ then x¯ = y¯ or z¯ = 0. Hence R/∼ is cancellative. Axiom 2
implies that R/∼ is totally ordered. 
Corollary 7.7. Let R be an idempotent semiring. Let  be a valuation order. Then
there is an totally ordered abelian group Γ and a homomorphism v : R→ Γmax such
that x  y if and only if v(x) ≤ v(y).
Proof. Let ∼ be the equivalence relation induced by . Then R/∼ is a totally or-
dered cancellative idempotent semiring and Frac(R/∼) is a totally ordered idempo-
tent semifield. Let Γ = Frac(R/∼)× so Frac(R/∼) = Γmax. Define v to be the com-
position of the quotient map pi : R→ R/∼ and the inclusion i : R/∼ → Frac(R/∼).
Then v(x) ≤ v(y) if and only if pi(x) ≤ pi(y) which in turn holds if and only if
x  y. 
Definition 7.8. Let R be an idempotent semiring. Let S ⊆ R×R. S is admissible
if there is a totally ordered abelian group Γ, and a homomorphism v : R → Γmax
such that v(y) < v(x) for all (x, y) ∈ S.
Theorem 7.9. Let R be an idempotent semiring. Let S ⊆ R × R. Suppose each
finite subset of S is admissible. Then S is admissible.
Proof. Let T ⊆ S be finite. Let wT be a homomorphism into a totally ordered
idempotent semifield such that wT (y) < wT (x) for all (x, y) ∈ T . Then for all
(x, y) ∈ T , we have wT (x) 6≤ wT (y). Let T be given by x T y if wT (x) ≤
wT (y). Then for all (x, y) ∈ T , we have x 6T y so ev(x,y)(T ) = 0. Hence
T∈
⋂
(x,y)∈T ev
−1
(x,y)(0).
For any finite subset T ⊆ S, we define a subset of the space of valuation orders
by AT =
⋂
(x,y)∈T ev
−1
(x,y)(0). The above paragraph shows each AT is nonempty.
Furthermore AT1 ∩ . . . ∩ ATn = AT1∪...∪Tn 6= ∅. Hence any finite intersection of
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the sets AT is nonempty. By construction, AT is closed. By the compactness
of the space of valuation orders,
⋂
T⊆S finiteAT 6= ∅. It is not hard to see that⋂
T⊆S finiteAT =
⋂
(x,y)∈S ev
−1
(x,y)(0), so this subset is nonempty.
Let  be a valuation order which lies in ev−1(x,y)(0) for all (x, y) ∈ S. Let w be a
homomorphism into a totally ordered idempotent semifield such that x  y if and
only if w(x) ≤ w(y). Then for all (x, y) ∈ S we have x 6 y so w(x) 6≤ w(y) and
w(y) < w(x). Hence S is admissible. 
8. Extensions of valuations
We first consider extension of valuations in the case of an extension of idempotent
semifields K → L where K is totally ordered and the valuation on K is the identity
map.
Lemma 8.1. Let K be a totally ordered idempotent semifield. Let L be an idem-
potent semifield equipped with a homomorphism f : K → L. Let OK = {x ∈ K |
x ≤ 1} and let OL be its quasiintegral closure in L. Then OL = {x ∈ L | x ≤ 1}.
Furthermore O×L = {1}.
Proof. Let y ∈ OL. Then y is quasiintegral over OK . Since each element of OK is
less than or equal to one, we apply Proposition 6.5 to see that there is some nonzero
s ∈ L with sy ≤ s. Multiplying both sides by s−1 yields y ≤ 1. If furthermore,
y ∈ O×L , we also get y
−1 ≤ 1 so y = 1. 
Theorem 8.2. Let K be a totally ordered idempotent semifield. Let L be an idem-
potent semifield equipped with an injective homomorphism f : K → L. Then there
is a totally ordered idempotent semifield E and a morphism v : L → E such that
the composite map v ◦ f : K → E is injective.
Proof. Let OK = {x ∈ K | x ≤ 1} and let OL be its quasiintegral closure in L.
Note that LOK≤1 = L. Apply Theorem 6.6 to see that OL =
⋂
w{x ∈ L | w(x) ≤ 1}
where w ranges over all homomorphisms from L into a totally ordered idempotent
semifield. Apply Lemma 8.1 to see that OL = {x ∈ L | x ≤ 1} and in particular
that O×L = 1.
Let U ⊆ OK be finite and suppose 1 6∈ U . I claim there is a homomorphism
wU from L into a totally ordered idempotent semifield such that wU (f(u)) < 1
for all u ∈ U . Observe that u < 1 for all u ∈ U . Let t =
∑
u∈U u, and note
t < 1. Suppose for the moment that every homomorphism w from L into a totally
ordered idempotent semifield satisfies w(f(t)) = 1. Then w(f(t−1)) ≤ 1 for all
such w, so f(t−1) ∈ OL and f(t) ∈ OL. Then f(t) ∈ O
×
L so f(t) = 1. Since f is
injective, t = 1, contradicting t < 1. Hence we may find some homomorphism wU :
L → (ΓU )max into a totally ordered idempotent semifield such that wU (f(t)) 6= 1.
For each u ∈ U , u ≤ 1 so wU (f(u)) ≤ 1. If wU (f(u)) = 1 for some u then
wU (f(t)) =
∑
u∈U wU (f(u)) = 1, a contradiction. Hence wU (f(u)) < 1.
Let S ⊆ L × L be given by S = {(1, f(x)) | x < 1}. Let T ⊆ S be finite. Then
T = {(1, f(u)) | u ∈ U} for some finite set U ∈ K. Furthermore, each u ∈ U
satisfies u < 1 so U ⊆ OK and 1 6∈ U . Choose a homomorphism wU such that
wU (f(u)) < 1 = wU (1) for all u ∈ U . Then wU (y) < wU (x) for all (x, y) ∈ T .
Hence T is admissible. By Theorem 7.9, S is admissible. Hence there is some
homomorphism v : L→ E into a totally ordered idempotent semifield E such that
v(f(x)) < 1 for all x < 1.
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It remains to show v◦f is injective. Let x, y ∈ K and suppose v(f(x)) = v(f(y)).
Since K is totally ordered, either x ≤ y or y ≤ x. Without loss of generality, we
assume x ≤ y. If y = 0 then x = 0 and we are done. Otherwise, xy−1 ≤ 1. If
xy−1 = 1, we are done, so we may suppose xy−1 < 1. Then v(f(xy−1)) < 1 and
hence v(f(x)) < v(f(y)), which is a contradiction. Hence v ◦ f is injective. 
Definition 8.3. Let R be an idempotent semiring and A be an R-algebra. A is an
extensible R-algebra if every element of A which is quasiintegral over R is integral
over R.
Propositions 5.7 and 6.9 give some sufficient conditions for an R-algebra to be
extensible.
Lemma 8.4. Let R be an idempotent semiring and A be an R-algebra. Let x ∈ R
and suppose x is a unit in A. Suppose furthermore that A is integral over R. Then
there exists y ∈ R with xy ≥ 1.
Proof. Let u ∈ A be the inverse of x. Then u is integral over R so un ≤ c0 + . . .+
cn−1u
n−1 for some n and some c0, . . . , cn−1 ∈ R. This yields 1 ≤ c0xn+ . . .+cn−1x.
Let y = c0x
n−1 + . . .+ cn−1 ∈ R. Then 1 ≤ xy. 
Proposition 8.5. Let L be a simple idempotent semiring and let K ⊆ L be a
subsemiring. Suppose K is a totally ordered idempotent semifield. Suppose further-
more that L is extensible as an algebra over OK = {t ∈ K | t ≤ 1}. Then the
induced map f : K → Lred is injective.
Proof. Suppose x, y ∈ K satisfy f(x) = f(y). If x = 0 then y = 0 and vice versa,
since ker f is a saturated ideal in a semifield. Otherwise x and y are units. Since K
is totally ordered, either x ≤ y or y ≤ x. We suppose without loss of generality that
x ≤ y so xy−1 ∈ OK . Since f(x) = f(y), there is some s ∈ L with sx = sy, which
implies s(xy−1) ≤ s and s(yx−1) ≤ s. Let OL be the quasiintegral closure of OK .
OL is the set of t ∈ L satisfying st ≤ s for some s ∈ L, which includes both xy−1
and yx−1. Hence xy−1 ∈ O×L ∩OK . Because L is extensible as an OK-algebra, OL
is integral over OK . Hence there is some t ∈ OK such that (xy−1)t ≥ 1. Since 1
is maximal in OK , t ≤ 1 so xy
−1 ≥ xy−1t ≥ 1. This implies xy−1 = 1 so x = y.
Hence f is injective. 
Corollary 8.6. Let L be a simple idempotent semiring and let K ⊆ L be a sub-
semiring. Suppose K is a totally ordered idempotent semifield. Suppose furthermore
that L is extensible as an algebra over OK = {t ∈ K | t ≤ 1}. Then the induced
map g : K → L(0) is injective.
Proof. Let f : K → Lred be the map induced by the inclusion K ⊆ L. Suppose
g(x) = g(y). Then sx = sy for some nonzero s. Then Proposition 4.12 implies
f(x) = f(y). Since f is injective, x = y so g is injective. 
Proposition 8.7. Let L be a simple idempotent semiring and let K ⊆ L be a
subsemiring. Suppose K is a totally ordered idempotent semifield. Suppose further-
more that L is extensible as an algebra over OK = {t ∈ K | t ≤ 1}. Let i : K → L
be the inclusion. Then there is a homomorphism v : L → E into a totally ordered
idempotent semifield E such that v ◦ i is injective.
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Proof. Let u : L→ L(0) be the canonical map. Corollary 8.6 implies u◦i is injective.
Applying Theorem 8.2 gives a homomorphism w : L(0) → E into a totally ordered
idempotent semifield such that w ◦ (u ◦ i) is injective. Take v = w ◦ u. 
We would like to relax the hypothesis that K is a totally ordered idempotent
semifield. To do this we study the OK-contraction.
Lemma 8.8. Let K be a unitgenerated idempotent semiring. Fix a surjective
homomorphism v : K → Γmax into a totally ordered idempotent semifield. Let
OK = {x ∈ K | v(x) ≤ 1}. Then v induces an isomorphism KOK≤1
∼= Γmax.
Proof. Since each element of OK satisfies v(x) ≤ 1, v induces a homomorphism
f : KOK≤1 → Γmax. f is surjective since v is surjective. Suppose f(x¯) = f(y¯) and
x, y 6= 0. Then v(x) = v(y). Write x as a finite sum of units x =
∑
i∈I xi. There
is some k ∈ I such that v(x) = v(xk). Then v(x
−1
k y) = 1 so x
−1
k y ∈ OK . Let
r = x−1k y. Then y = rxk ≤ rx. A similar argument yields an element s ∈ OK such
that x ≤ sy. Hence x¯ = y¯ by Lemma 6.3. 
Lemma 8.9. Let R be an idempotent semiring. Let A and B be R-algebras.
Suppose A is a R-subalgebra of B and let i be the inclusion. Then the map
AR≤1 → BR≤1 induced by i is injective.
Proof. Let x, y ∈ A. Suppose i(x) = i(y) as elements of BR≤1. Then there exists
r, s ∈ R with i(x) ≤ ri(y) and i(y) ≤ si(x). Since i is injective, x ≤ ry and y ≤ sx.
Hence x¯ = y¯ as elements of AR≤1. 
Lemma 8.10. Let R be an idempotent semiring. Let A be an extensible R-algebra
which is simple. Then AR≤1 is an extensible RR≤1-algebra.
Proof. Let x¯ ∈ AR≤1 be the class of an element x ∈ A. Suppose x¯ is quasiintegral
over RR≤1. Then there is a finite saturated submodule M ⊆ AR≤1 such that
xM ⊆ M . Choose s¯ ∈ M so M = {a¯ ∈ AR≤1 | a¯ ≤ s¯}. Then s¯x¯ ≤ s¯. Apply
Proposition 6.5 to conclude x is quasiintegral over R. Since A is an extensible
R-algebra, x is integral over R. We have some n > 1 and c0, . . . , cn−1 ∈ R such
that xn ≤ c0+ . . .+ cn−1xn−1. Then x¯n ≤ c¯0+ . . .+ c¯n−1x¯n−1, so that x¯ is integral
over RR≤1. 
Lemma 8.11. Let K be a unitgenerated idempotent semiring equipped with a sur-
jective homomorphism v : K → Γmax into a totally ordered idempotent semifield.
Let OK = {x ∈ K | v(x) ≤ 1}. Then the inclusion of OK into K yields an
isomorphism (OK)OK≤1
∼= {x¯ ∈ KOK≤1 | x¯ ≤ 1}.
Proof. Since the inclusion ofOK into K is injective, the same is true for the induced
map j : (OK)OK≤1 → KOK≤1. It remains to determine the image of this map. Let
x¯ ∈ (OK)OK≤1. Then x¯ ≤ 1 so j(x¯) ≤ 1. Conversely, let y¯ ∈ KOK≤1 and suppose
y¯ ≤ 1. Then there exists r ∈ OK such that y ≤ r. Hence y ∈ OK . Hence y¯ is in
the image of j. 
Theorem 8.12. Let K be a unitgenerated idempotent semiring. Let v : K → E
be a surjective homomorphism into some totally ordered idempotent semifield. Let
L be a unitgenerated idempotent semiring containing K, and let i : K → L be the
inclusion. Let OK = {x ∈ K | v(x) ≤ 1}. Suppose L is extensible as an OK -algebra.
Then there is a totally ordered idempotent semifield F , an injective homomorphism
j : E → F , and a homomorphism w : L→ F such that wi = jv.
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Proof. Let K ′ = KOK≤1 and L
′ = LOK≤1. Let i
′ : K ′ → L′ be induced by i. Then
by Lemma 8.9, i′ is injective. Let v′ : K ′ → E be induced by v. By Lemma 8.8 v′ is
an isomorphism, so in particular K ′ is a totally ordered idempotent semifield. By
Lemma 8.11, we may identify OK′ = {x ∈ K ′ | v′(x) ≤ 1} = {x ∈ K ′ | x ≤ 1} with
(OK)OK≤1. By Lemma 8.10, L
′ is extensible as an OK′ -algebra. Proposition 8.7
gives a homomorphism w′ : L′ → F into a totally ordered idempotent semifield such
that w′i′ is injective. Let piK : K → K ′ and piL : L → L′ be the canonical maps.
Observe v′piK = v and piLi = i
′piK . Define j : E → F by j = w′i′(v′)−1. Define
w : L → F by w = w′piL. Clearly j is injective since this is true for both (v′)−1
and w′i′. It remains to check that wi = jv. But jv = jv′piK = w
′i′v′−1v′piK =
w′i′piK = w
′piLi = wi. 
Corollary 8.13. Let K be a unitgenerated idempotent semiring. Let v : K → E
be a surjective homomorphism into some totally ordered idempotent semifield. Let
L be an idempotent semifield containing K, and let i : K → L be the inclusion.
Then there is a totally ordered idempotent semifield F , an injective homomorphism
j : E → F , and a homomorphism w : L→ F such that wi = jv.
Corollary 8.14. Let K be a unitgenerated idempotent semiring. Let v : K → E
be a surjective homomorphism into some totally ordered idempotent semifield. Let
L be a unitgenerated idempotent semiring containing K, and let i : K → L be the
inclusion. Let OK = {x ∈ K | v(x) ≤ 1}. Suppose L is seminoetherian as an
OK-algebra. Then there is a totally ordered idempotent semifield F , an injective
homomorphism j : E → F , and a homomorphism w : L→ F such that wi = jv.
9. Extension of valuations for rings
Definition 9.1. Let R be a ring and M be an R-module. Let Sf (M,R) be the
idempotent semigroup of submodules of M .
If M is an R-algebra then Sf (M,R) is actually a semiring with R ⊆ M as
multiplicative identity. Here the product of finitely generated submodules N,P ⊆
M is the submodule generated by {np | n ∈ N, p ∈ P}.
The following two results may be found in [5].
Proposition 9.2. Let R be a ring and A an R-algebra. Let Γ be a totally ordered
abelian group. Then there is a bijective correspondence between homomorphisms
Sf (A,R) → Γmax and valuations A → Γmax which are bounded by 1 on R. Under
this correspondence, a homomorphism f : Sf (A,R) → Γmax corresponds to the
valuation x 7→ f(xR).
Proposition 9.3. Let R be a ring and M an R-module. There is a bijective
correspondence between saturated subsemigroups of Sf (M,R) and submodules of
M . A submodule N ⊆M corresponds to {N ′ ⊆ N | N ′ is finitely generated}.
With these results in mind, the classical extension of valuations theorem states
that given a valued field K and an extension L/K, one may extend the corre-
sponding homomorphism Sf (K,OK) → Γmax to Sf (L,OK). We will give another
proof of this theorem below. The difficult part is to show Sf (L,OK) is an extensible
Sf (OK ,OK) algebra. The following lemma is a consequence of the Cayley-Hamilton
theorem; this is the only place we will use any deep results of commutative algebra.
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Lemma 9.4. Let R be a ring and A an R-algebra. Let x ∈ A. Suppose there is a
finitely generated R-submodule M ⊆ A such that xM ⊆ M and 1 ∈ M . Then x is
a zero of a monic polynomial f ∈ R[T ].
Proof. By the Cayley-Hamilton theorem, there is a monic polynomial f(T ) such
that f(x)M = 0. Since 1 ∈M , f(x) = 0. 
Another fact we will use is that fields correspond to unitgenerated semirings.
Lemma 9.5. Let R be a ring and A be an R-algebra. If A is a field then Sf (A,R)
is unitgenerated.
Proof. Sf (A,R) is generated by principal submodules, and the submodule gener-
ated by a single unit is invertible. 
Proposition 9.6. Let R be a ring and let A be an R-algebra which is a field. Then
Sf (A,R) is an extensible Sf (R,R)-module.
Proof. Let x ∈ Sf (A,R) be quasiintegral over Sf (R,R). Suppose x is principal,
i.e. x = xˆR for some xˆ ∈ A. By Lemma 5.6, there is some saturated Sf (R,R)-
submodule (and hence subsemigroup)M with Sf (R,R) ⊆M ⊆ Sf (A,R) such that
xM ⊆M . This yields an R-module Mˆ with R ⊆ Mˆ ⊆ A and xˆMˆ ⊆ Mˆ . Hence xˆ is
a zero of a monic polynomial f ∈ R[T ]. Then xˆn is in the R-submodule generated
by 1, . . . , xˆn−1 for some n. This implies that xn ≤ 1 + . . . + xn−1 so x is integral
over Sf (R,R). 
Theorem 9.7. Let K be a field. Fix a valuation v : K → Γ ∪ {0} where Γ is a
totally ordered abelian group. Let L be an extension of K. Then there is a totally
ordered abelian group Γ′ ⊇ Γ and a valuation w : L→ Γ′ ∪ {0} such that v = w |K .
Proof. Let OK = {x ∈ K | v(x) ≤ 1}. For any OK-algebra A, we let A˜ denote
Sf (A,OK). By Lemma 9.5, K˜ and L˜ are unitgenerated. Observe that OK is the
multiplicative identity in K˜. By Proposition 9.3, OK˜ = {x ∈ K˜ | x ≤ 1} is the
subsemigroup of K˜ corresponding to OK , i.e. OK˜ = O˜K . By Proposition 9.6,
we know that L˜ is an extensible O˜K-algebra, so is an extensible OK˜-module. By
Proposition 9.2 v yields a homomorphism v˜ : K˜ → Γmax. By Theorem 8.12, we
obtain a homomorphism w˜ : L˜→ Γ′max extending v˜ for some totally ordered abelian
group Γ′max. Applying Proposition 9.2 again yields the result. 
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